In this paper, we investigate the dynamics of both free particle and isotropic harmonic oscillator constrained to move on a spheroidal surface using two consecutive projections: a projection onto a sphere surface followed by the gnomonic projection onto a tangent plane to the spheroid. We obtain the Hamiltonian of the aforementioned systems in terms of the Cartesian coordinates of the tangent plane and then quantize it in the standard way. It is shown that the effect of non-sphericity of the surface can be treated as the appearance of an effective potential. By using the perturbation theory up to the first order in second eccentricity of the spheroid, we approximately calculate the eigenfunctions and eigenvalues of the free particle, as well as the isotropic harmonic oscillator on the spheroidal surface. We find that the deviation from the sphericity plays an important role in splitting the energy levels of the isotropic oscillator on a sphere, and lifting the degeneracy.
Introduction
The study of quantum mechanical systems in the curved spaces is an interesting and important problem due to relation with Einstein's theory of gravitation in general relativity [1, 2] , and its potential application in many different fields of physics from the the quantum Hall effect [3] and the quantum dots [4, 5] to the coherent state quantization [6, 7] . At a practical level, due to technological developments in nanotechnology, photonics and plasmonics, it made possible to fabricate complex heterostructures with new properties as a result of confinement of electrons or light on curved surfaces. In addition, one can study the propagation of electromagnetic waves constrained to a film waveguide and a curved optical fiber in terms of the models which are founded on quantum mechanics on curved spaces. This comes from the analogy between the Helmholtz's and the time-independent Schrödinger equation. One can also treat these systems as analog models of general relativity [8, 9] . Moreover, these studies are also of theoretical interest, because it is not clear how to generalize the well defined quantum processes such as the quantization from the flat space to the curved spaces, even though the curvature is constant but different from zero.
The first attempt to study quantum mechanical systems in the spaces of constant curvature was given by Schrödinger, who in the framework of the factorization method investigated the hydrogen atom in a three-dimensional sphere [10] . Almost at the same time, Infeld and Shild studied the Schrödinger equation for the same problem in an open hyperbolic universe [11] . To the best of our knowledge, there are three known approaches to treat nonrelativistic quantum mechanics in the spaces of constant curvature: The first one is the Noether quantization, in which the Killing vector fields provide the Noether momenta for the system. The Hamiltonian is written in terms of these momenta and subsequently the quantization process is applied to the components of the Noether momenta [12, 13, 15] . Another method is the so-called thin layer quantization, which was introduced in the seminal papers [16, 17, 18, 14] . In this approach, the 2D surface is embedded into the larger 3D Euclidean space and then the dimensional reduction in the Schrödinger equation is achieved by introducing an effective potential. The third method is the Higgs approach [19, 20] . In this approach, dynamical symmetries are worked out in a spherical geometry. In this manner, the Hamiltonian of the system is associated with the Casimir operators of the Lie algebra of these dynamical symmetries, and then the energy eigenvalues are obtained by the eigenvalues of the Casimir operators.
Higgs [19] and Leemon [20] investigated the non-relativistic motion of a particle on a N-dimensional sphere (embedded in the Euclidean (N + 1)-dimensional space) under the action of the force field with specific centrally symmetric potential. In the cases of flat Euclidean space where the curvature vanishes, these central potentials reduce to the usual isotropic oscillator and Coulomb potentials. Higgs described the motion on a sphere by means of the so-called gnomonic projection which is a projection onto the tangent plane from the center of the sphere in the embedding space.
The advantage of this projection is to transform the uniform motion of free particle on a great circle into a rectilinear, but non-uniform motion on the tangent plane. This means that the projected free particle orbits are the same as those in the flat Euclidean space, whereas the effect of curvature is included in the velocity of the projected motion. Amazingly, this feature survives even in the presence of a central force derived from a potential V (r), i.e., the dynamical symmetries in a sphere geometry are the same as those in tangent space.
One of authors of this paper has recently analyzed the dynamical behavior of a two-dimensional isotropic harmonic oscillator constrained to a spherical surface with a time-dependent radius [21] . It is a remarkable fact that time variations in the sphere radius resulted in a minimal-coupling interaction Hamiltonian. Within a simple golden rule calculation, it has been shown that the isotropic harmonic oscillator on the sphere is excited through appropriate frequencies of the background fluctuations.
More recently, we have investigated the classical and the quantum mechanical treatment of a damped particle on a sphere under the action of a conservative central force [22] . In this approach, the dissipation and the fluctuation effects are introduced to our formalism by interacting the main system with a reservoir which modeled by a continuum of three dimensional harmonic oscillators. We found that the dynamics of the dissipative Higgs model is determined by an effective geometry-induced susceptibility which included the extrinsic geometry of the physical space, and a noise operator arises in the result of absorption. Due to use the gnomonic projection, the anisotropy appears in the projected susceptibility. In particular, it has been shown that appreciable probabilities for transition are possible only if the transition and reservoirs oscillators frequencies to be nearly on resonance.
In the present contribution, our main purpose is to generalize the Higgs model from the spherical to a spheroidal surface. A two-dimensional spheroid is a quadric surface obtained by rotating an ellipse about one of its principal axes (an ellipsoid with two equal semi-diameters). For this purpose, we investigate the motion of a non-relativistic particle on a 2-dimensional spheroid (embedded in R 3 ) under the isotropic harmonic oscillator potential. This central potential reduces to the isotropic oscillator of a Euclidean geometry when the curvature of the spheroid goes to zero.
The paper is organized as follows. In section 2, by making use a projection from the spheroidal to the spherical space and then the gnomonic projection onto the tangent plane, we obtain the Hamiltonian of an isotropic harmonic oscillator confined to a spheroidal background in terms of the Cartesian coordinates of the tangent plane to the spheroid. We subsequently quantize the aforementioned Hamiltonian by replacing classical position and momentum by related operators. In section 3, first we calculate the eigenfunctions and eigenvalues of a free particle on a sphere and then, by using the perturbation theory up to the first order in second eccentricity of the spheroid, we approximately determine the eigenvalues and the eigenfunctions of a free particle on the spheroidal surface. In section 4, the eigenvalues and the eigenfunctions for an isotropic harmonic oscillator problem on the spheroidal surface are approximately derived. Finally, the summary and concluding remarks are given in section 5.
Quantum isotropic harmonic oscillator on a spheroid
We consider a spheroid enclosed by a sphere of radius a and embedded in a three-dimensional Euclidean space and choose a Cartesian coordinate system with the axes and the origin of the spheroid, O q , as shown in Fig 1. If r denotes the vector of a point on the spheroidal surface designated by the Cartesian coordinates (q 1 , q 2 , q 3 ), these coordinates satisfy the implicit equation of the spheroid as follows:
where a and b are, respectively, the polar radius and the equatorial radius of the spheroid, as seen in Fig 1 (a) . Let s be the arc-length of the geodesics from the north pole of the spheroid, r 0 = (0, 0, a), to the point r = (q 1 , q 2 , q 3 ). Therefore, we have where the metric tensor on spheroid is given by
Accordingly, the potential energy for an isotropic harmonic oscillator of unit mass on the spheroidal surface can be written as:
If we consider the following projection, which is projection from the spheroidal space to the spherical space,
it is obvious that the new Cartesian coordinates: q 
where λ = 1/a 2 is the curvature of the enclosed sphere. Now, we use the twodimensional gnomonic projection, which is the projection onto the tangent plane from the center of the sphere in the embedding space. In this manner, the points on the sphere can be expressed in term of the coordinates of this projection. Denoting the gnomonic projected Cartesian coordinates by (x, y), with the origin O x which is also the point of tangency of the spheroid and the tangent plane, as shown in the Fig. 1 (b) , the relation between the gnomonic projected coordinates and the point coordinates (q
Here, ρ 2 = x 2 + y 2 and the sign + (−) in the last line refers to the point coordinates on upper (lower) half of the sphere. Combining Eqs. (5) and (7), one can obtain the projection of the coordinates (q 1 , q 2 , q 3 ) of a point on the spheroid onto the tangent plane as,
In other word, the coordinates (q 1 , q 2 , q 3 ) of a point on the spheroid in term of the gnomonic projected coordinates are given by,
Let us take the total differential of r as,
where, r x and r y are, respectively, partial derivatives of r with respect to the tangent plane coordinates x and y. Thus, after lengthy but straightforward calculations, we obtain the metric of the spheroid as,
where x = (x, y) and ε = a 2 b 2 − 1 is the square of the second eccentricity of the spheroid that reflects the deviation from the sphericity.
In what follow, we consider a particle of unit mass constrained to move on the spheroidal surface. From Eq. (11), the kinetic energy of the particle can be written as
With the help of Eq. (8), we can also represent the isotropic harmonic oscillator potential on the spheroid, Eq. (4), in terms of the tangent plane coordinates x and y as follows,
Following the canonical quantization to describe the quantum dynamic behavior of the moving particle on the spheroidal background under the action of harmonic oscillator potential, we begin our analysis by considering the classical Lagrangian of the system in the tangent plane coordinates. To do so, we use Eqs. (12) and (13) and yields
where the Lagrangian
associated with the case that the particle in the presence of harmonic oscillator potential moving on a sphere with curvature λ = 1/a 2 , i.e., when the second eccentricity parameter is zero, ε = 0. Here, O(ε 2 ) represents the terms of order equal to or greater than ε 2 . Using the Lagrangian (14), we can obtain the momentum conjugate for the variable x as
where the momentum vector of the system on the sphere is given by,
With proper calculations, the Hamiltonian of the two-dimensional isotropic oscillator constrained to a spheroidal background is written as,
where the effective potential H osc ε induced by the square of the second eccentricity of the spheroid is given by
and H osc 0
is the well known Hamiltonian of a two-dimensional isotropic oscillator on a sphere with the curvature λ = 1/a 2 derived by Higgs [19] ,
Alternatively, the above Hamiltonian can be written in the form
where
and
is the angular momentum of the system on the sphere. For further calculation, we can introduce the following relation:
which enable us to rewrite the effective potential (28) in the convenient form,
Let us consider the quantum mechanical description of the behavior of the isotropic oscillator on a spheroid. We first quantize the Hamiltonian (18) by replacing classical position and momentum by related operators, and then impose equal-time commutation relation among these variables, i.e, [x i ,p j ] = ıδ ij (i, j = 1, 2). Thus, we havê
are, respectively, the quantum counterpart of the classical Eqs. (26) and (22), in which the operatorsπ andL are introduced by writing Eqs. (23) and (24) such that the operators x and p 0 appear in symmetric order,
For further calculations, it can be easily shown that the momentum operator of the system on the sphere, p 0 , in the coordinate representation has the form,
which is identical to −ı ∇ in the Euclidean space when the curvature λ goes to zero. It is worth noting that the Hermiticity condition for a generic operator O on a sphere is given by [20] sphere
where ψ( x) and ϕ( x) are the wave functions describing motion of the particle on the sphere, and g(ρ) = (1 + λρ 2 ) −3 , denotes the determinant of the metric of the sphere. For further convenience, we chose these wave functions such that to satisfy the invariant normalization condition,
Free particle on a spheroid
Let us start our analysis by considering the eigenvalues and eigenfunctions of a free particle of unit mass constrained to move on the spheroidal surface. To this end, we use Eq. (32) and express the Hamiltonian (27) in the coordinate representation and then set ω = 0. Thus, it yieldŝ
wherê
is the Hamiltonian of the free particle on a sphere in the polar coordinates (ρ, ϕ) of the tangent plane, while the effective potentialĤ free ε in this coordinate has the formĤ
We see from Eq. (35) that the problem of the motion of the free particle on the spheroid reduces to the finding of the eigenvalues and eigenfunctions of the HamiltonianĤ free 0
with the effective potentialĤ free ε . The quantum dynamics the free motion of the particle on the sphere is basically governed by the Schrödinger equation,
By separating the wave functions into a radial part and an angular part, the eigenfunctions and eigenvalues can be obtained finally as
n,free (ρ, ϕ) = a n (
where a n is a normalization coefficient. To normalize the eigenfunction ψ
n,free (ρ, ϕ), we use the polar coordinates (34) and arrive at
Here, in the second equality, the change of variable sin χ = (
2 is used. Now, by using the following integral identity
we obtain the normalization constant as
where Γ denotes the Gamma function. Let us assume that the spheroid is almost a sphere of radius a. In this case the the square of the second eccentricity ε is small, and we can drop all the higher-order terms in (37) that contain the factor ε 2 and the power higher than 2. As a consequence, the effective potentialĤ free ε can be considered as the small perturbation. In this manner, by using the nondegenerate perturbation theory, the first-order energy shift can be calculated as follows:
In the coordinate representation, by making use of the polar coordinates (ρ, ϕ) and the symmetrization of the above relation, we get
By make use of Eq. (32) and performing the change of variable sin χ = (
, after some algebra we find
Finally, by using the normalization constant (42) and performing the integration over χ, the first-order energy shift is obtained as
The analysis of the first order energy shift (45) shows that it depends on the quantum number n, the curvature λ and the square of the second eccentricity ε.
For the eigenstates describing the free motion of the particle on the spheroid, one can write in the first order of the perturbation theory that
In the polar coordinate representation, by making use of the symmetrization of the above relation we arrive at
Furthermore, it can be easily shown that the second-order energy shift is also zero.
An isotropic harmonic oscillator on a spheroid
In this section, we are interested to obtain an approximately expression for the eigenvalues and the eigenfunctions of a particle moving in a spheroidical surface under the action of an isotropic harmonic oscillator potential. Let us assume that ε is small enough so that we can apply first-order perturbation theory. In this case, from Eq. (27), we can imagine a perturbation as:
while the unperturbed Hamiltonian (29) is the Hamiltonian of an isotropic oscillator on a sphere whose eigenvalues and eigenfunctions are known and given in [20] as:
Here, l = −n, −n + 2, · · · , n and the integer n is nonnegative, 2 F 1 is the ordinary hypergeometric function in which k = −β − . Furthermore, the normalization coefficient N is given by
As it is seen from Eqs. (49) and (50), the eigenfunctions ψ
nl,osc (χ, ϕ) are degenerate. But, it is worth noting that in the degenerate perturbation theory, if the perturbation is also diagonal in the used representation, all we need to do for the first-order energy shift is to calculate the expectation value as follows [25] ,
Recalling the Hermiticity condition (33), the first term of the above relation can be calculated as
By using the change of variable x = 1 − 2 sin 2 χ, we can write:
where we have used the following relation between the hypergeometric function and the Jacobi polynomials [23] 2 F 1 −k, l + β + k + 1; l + 1;
and also the identity [24] 
Now, with the help of above equations, Eq. (54) can be recast as In Fig. 2 , we have schematically plotted the energy levels of the isotropic oscillator on both the sphere (ε = 0) and the spheroid. It is seen that the effect of nonzero but small value of ε on the electronic states is to split the energy levels of degenerate states into (n+ 1) sublevels, which corresponds to the (n + 1) values of l : l = −n, −n + 2, ..., n, i.e., lifting the degeneracy. We also see that the energy splittings are not constant for different l. This is a direct consequence of Eqs. (58) and (59) which state that the spacing between the sublevels depend on the parameters ε, λ and ω. Comparing Figs. 2(a) with 2(b), we observe that the splitting distance between the sublevels are reduced by increasing λ. On contrary, as the frequency increases, the spacing between the sublevels decreases ( Fig. 2(c) ).
Summary and Concluding Remarks
In this paper, by using two consecutive projections, first from the spheroidal to the spherical space and then from the spherical space onto the tangent plane via the gnomonic projection, we have obtained the Hamiltonian of an isotropic harmonic oscillator confined to a spheroidal background in terms of the Cartesian coordinates of the tangent plane. The aforementioned Hamiltonian has been quantized by replacing the position and momentum by the standard quantum mechanical position and momentum operators, and then imposing equal-time commutation relation among these variables. We have calculated the eigenfunctions and eigenvalues of a free particle on a sphere. Within the perturbation theory, we have approximately determined the eigenvalues and the eigenfunctions of a free particle on the spheroidal surface. The results show that the first order energy shift of the free particle on the spheroid depends on the quantum number n, the curvature λ and the square of the second eccentricity ε. Subsequently, we have determined the eigenvalues and the eigenfunctions for an isotropic harmonic oscillator problem on a spheroidal surface by using the perturbation theory up to the first order in second eccentricity of the spheroid. The obtained numerical results illustrate that the deviation from the sphericity (ε = 0) removes the degeneracy of the energy states associated with the problem of an isotropic oscillator on a sphere, and induces the splitting of energy levels into (n + 1) sublevels related to the (n + 1) values of l. Moreover, we found that the splitting distance between the sublevels are increased(decreased) by increasing the angular frequency of the oscillator ω(the curvature λ).
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